The normal-state phase diagram of Fe-based superconductors is important to reveal the essential electronic states and the mechanism of superconductivity. In many compounds, the structure transition from tetragonal (C 4 ) to orthorhombic (C 2 ) is realized at T S , and the antiferromagnetic (AFM) order appears at T N below T S . The superconductivity is realized near the structural quantum critical point (QCP) at T S = 0 and/or the magnetic QCP at T N = 0. For example, the optimum T c in FeSe x Te 1−x is realized near the structural QCP at x ≈ 0.6 [1] , whereas AFM order is absent for x > 0.5.
To explain the C 2 structure transition, both the spinnematic [2] and orbital-nematic [3] [4] [5] [6] [7] mechanisms had been proposed. In the latter scenario, orbital-nematic order is induced by spin fluctuations, due to strong orbitalspin mode-coupling described by the vertex correction (VC) [6] . Both mechanisms can explain the shear modulus C 66 softening [8, 9] . The orbital mechanism would be consistent with the large d-level splitting E yz − E xz ∼ 500K in the C 2 phase [10, 11] , and with the large orbital susceptibility given by Raman spectroscopy [12, 13] . The nematic order is observed by the magnetic torque measurements [14] . Since the superconductivity is realized next to the orbital and spin ordered phases, both fluctuations would be essential for the pairing mechanism.
However, this is not the whole story of Fe-pnictides: The unique phase diagram of LaFeAsO 1−x H x with double-dome superconducting phase [15, 16] attracts great attention. The second superconducting dome (x ≥ 0.2) is next to the "C 4 isostructural phase transition" with sizable change in the c-axis length (or anion-height) for 0.45 < x < 0.5 [17, 18] . (The c-axis length is unchanged in the C 2 structure transition at x ∼ 0.) Similarly, high-T c (∼ 50K) superconductivity is realized near the "collapsed C 4 phase" in rare-earth doped CaFe 2 As 2 [19, 20] . In (La,P) co-doped CaFe 2 As 2 , higher-T c state is realized near the anion-height instability, whereas it avoids the AFM phase as clearly shown in Ref. [19, 20] . These experiments strongly indicate that the anion-height instability is a key ingredient for higher-T c superconductivity of order 50K. Authors in Ref. [21] discussed that the C 4 phase in (Ba,Na)Fe 2 As 2 originates from the C 4 magnetic order. However, stripe magnetic order (=C 2 symmetry) is realized in LaFeAsO 1−x H x at x ∼ 0.5 [17] , which indicates small spin-lattice coupling. We predict that non-nematic O 3z 2 −r 2 (nematic O x 2 −y 2 ) charge quadrupole order emerges in the C4 (C2) phase. (b)(c) FSs at x = 0.1 and x = 0.4 [22] . e-FS is the electron-pocket, and h-FS3 (h-FS1,2) is the hole-pocket composed of dxy (dxz, dyz) orbital.
In this paper, we discuss the origin of the anionheight instability and its role of higher-T c superconductivity. For this purpose, we study LaFeAsO 1−x H x (x = 0 ∼ 0.5) by calculating both the VC and the self-energy Σ self-consistently. By this "self-consistent VC+Σ (SC-VC Σ ) method", we obtain the non-nematic orbital order O 3z 2 −r 2 at x ∼ 0.5. This order parameter couples to the anion-height change and triggers the C 4 isostructural transition, which cannot be explained by the spinfluctuation theories without the VC [22] [23] [24] . We also find that orbital-fluctuation-mediated s-wave state is stabilized by including the VC for the gap equation, which is dropped in conventional Migdal-Eliashberg theory. The present study reveals that multiple kinds of orbital fluctuations play significant roles in Fe-based superconductors. Figure 1 (a) shows the phase diagram of LaFeAsO 1−x H x : We propose that the charge quadrupole order O 3z 2 −r 2 ≡ 1 2 (n xz +n yz )−n xy (O x 2 −y 2 ≡ n xz −n yz ) appears at x ∼ 0.5 (x ∼ 0). The softening of the longitudinal modulus along the c-axis, C 33 , observed in under-and over-doped Ba(Fe 1−x Co x ) 2 As 2 [25] indicates that O 3z 2 −r 2 quadrupole fluctuations exist in various Fe-based compounds.
The tight-binding model of LaFeAsO 1−x H x for 0 ≤ x ≤ 0.5 had been introduced by the present authors in Ref. [15] . The Fermi surfaces (FSs) for x = 0.1 and 0.4 are shown in Fig. 1 (b) and (c), respectively. The intra-orbital nesting and inter-orbital one are the driving forces of the magnetic and orbital fluctuations, respectively. We analyze the multiorbital Hubbard model with intra (inter) orbital interaction U (U ′ ) and the exchange interaction J under the constraint U = U ′ + 2J, assuming uniform states. Electronic phase separation due to the imperfect nesting is discussed in Ref. [26] .
Here, we denote 
where
is the bubble susceptibility with self-energy correction, andX c(s) (q) is the VC for charge (spin) channel. Γ c(s) is the matrix form of the bare Coulomb interaction for the charge (spin) sector [27] . In the original SC-VC Σ method, the VC is given by the Maki-Thompson (MT) and Aslamazov-Larkin (AL) terms, which are the first and second order terms with respect toχ c,s , respectively. SinceX c ≫X s near the QCP, we putX s (q) = 0, and calculate only the AL term forX c (q) self-consistently. Its justification is verified in Refs. [6, 28] , and also confirmed by the recent renormalization group study [29] .
The charge (spin) Stoner factor α c(s) is given by the maximum eigenvalue ofΓ c(s)Φc(s) (q) in eq. (1), and α c(s) = 1 corresponds to the orbital (spin) order. Although the relation α s ≫ α c is satisfied within the RPA for J > 0, the opposite relation can be realized if the VC is taken into account beyond the RPA. Here, we introduce the quadrupole susceptibilities:
where γ = x 2 − y 2 , 3z 2 − r 2 , xz, yz, xy represents the quadrupole [30] . Then, χ . Now, we study the tight-binding Hubbard models of LaFeAsO 1−x H x based on the SC-VC Σ method, in which both the VC and the one-loop self-energyΣ are calculated self-consistently. By this method, the massenhancement factor for l-orbital is given as 1/z l = 1 − RedΣ l (k, ω)/dω| ω=0 , and we obtain 1/z l = 3 ∼ 5 for l = 2 ∼ 4 and 1/z 4 > 1/z 2,3 in LaFeAsO 1−x H x . The expressions of the VC andΣ are explained in Refs. [31] in detail. Hereafter, we fix the parameters J/U = 0.14 and T = 0.05eV, and the unit of energy is eV. [6] . The divergence of χ Q x 2 −y 2 (0) causes the C 2 structure transition. In addition, large antiferroorbital fluctuations are induced by the cooperation of the VC and the good inter-orbital nesting between e-FS and h-FSs [6] . The shear modulus
is the quadrupole interaction due to the acoustic phonon [33] .
At x = 0.4 in Fig. 2 (b), in contrast, we obtain the large peak of χ Q 3z 2 −r 2 (0) due to the VC. Since its diver-gence induces the change in the ratio n xy /n xz while keeping n xz = n yz , the obtained large χ Q 3z 2 −r 2 (0) gives the non-nematic (C 4 ) orbital fluctuations and anion-height instability. In addition, large antiferro-orbital fluctuations χ Q x 2 −y 2 (Q) are also induced by the VC. It is noteworthy that a strong interorbital charge transfer from in-plane to out-of-plane orbitals is observed in Co-doped BaFe 2 As 2 [34] . Here, we try to understand the orbital-spin modecoupling due to AL term in terms of the localized picture U ≫ W band : First, we introduce the Kugel-Khomskii (KK) type orbital-dependent exchange interaction [35] between the nearest neighbor Fig. 3 (a) . Note that J (1) ∼ 2t 2 /U . Due to this orbital-spin coupling term, if the AFM order with Q = (π, 0) is realized, the electrons at each site will occupy the d xz -orbital, as shown in Fig. 3 (a) . That is, the AFM order or fluctuations induces the C 2 orbital order (n xz = n yz ) or fluctuations, and vice versa. Next, we consider the single d xy -orbital model with the nearestand next-nearest-neighbor exchange interactions:
xy , the Q = (π, 0) AFM state in Fig. 3 (b) appears due to "order-by-disorder" mechanism [36] . Now, we consider the three-orbital model
, the ferro-orbital polarization n xy ≫ n xz = n yz with AFM order shown in Fig. 3 (b) would be realized to gain the exchange energy. In this case, the AFM order or fluctuations induces non-nematic C 4 orbital order or fluctuations, and vice versa. This case corresponds to x ∼ 0.5 with strong d xy -orbital spin fluctuations. Thus, the KK-type spin-orbital coupling is understandable in term of the weak-coupling approach by including the AL term. The strong coupling approaches are useful to understand the ordered phases [37] .
We also discuss why the VC induces the C 4 (C 2 ) order at x = 0.5 (x = 0) analytically: When spin fluctuations develop mainly in the l-orbital, the charge
2 becomes large [6, 28] . Now, we analyze χ we obtain [28, 32] 
where a ≡ (5U Φ Fig. 1 (c) , so d xy -orbital spin fluctuations becomes dominant [22] . Now, we study the superconductivity due to orbital and spin fluctuations, based on the SC-VC Σ method. In almost all previous studies, the VC for the gap equation (∆-VC) had been dropped. In strongly correlated systems, however, ∆-VC could be quantitatively important since the Migdal's theorem is not valid any more. Since the AL-type VC for χ Q γ (q) is very large, ∆-VC due to AL-type diagram should be significant. Here, we solve the following gap equation in the orbital-basis by taking the ∆-VC into account:
where λ E is the eigenvalue, ∆ l,l ′ (k) is the gap function, and G l,l ′ (q) is the Green function with self-energy. The pairing interaction V l,m1;m4,l ′ (k, q) is given aŝ
is the vertex for the charge (spin) channel shown in Fig. 4 (a) , Λ
To make consistency with the SC-VC Σ method, we calculate the AL-type contribution toΛ c (k, q) given in Fig. 4 (b), whereas we put
To study the superconducting state for x = 0 ∼ 0.5, we introduceŪ (x) by the linear interpolation between U c = 2.06 at x = 0 and U c = 1.55 at x = 0.5, as done in Ref. [22] . The obtainedŪ (x) decreases with x, which will be given by the change in the Kanamori screening, which is dropped in the present one-loop Σ. In fact, the density of states at the Fermi level, N (0), increases by 30%, by changing x from 0 to 0.5. In contrast,Ū (x) is a strong increasing function in the rigid band approximation [22] . Figure 4 (c) shows the obtained x-dependence of the α c,s and λ E for J/U = 0.14 by using U =Ū (x). The large α c at x = 0 and that at x = 0.5 explain the experimental C 2 and C 4 structure transitions of LaFeAsO 1−x H x . The eigenvalue λ E approximately follows α c and shows two peaks near the C 2 and C 4 structure transition points, due to the strong orbital fluctuations. Since T c is suppressed by the structure transition, the obtained x-dependence of λ E would be consistent with the double-dome T c . In contrast, single-dome T c is obtained in the FLEX approximation in the present model [32] . (d) and (f), due to the strong orbital fluctuations. At x ∼ 0.4, the gap structure is fully-gapped, whereas the gap on the e-FS is nodal at x ∼ 0 due to the competition (cooperation) of orbital and spin fluctuations [38] . These s ++ -type gap structures are realized by taking the ∆-VC into account beyond the Migdal's theorem, since the attractive interaction due toχ c in eq. (6) is multiplied by |Λ c (k, q)| 2 ≫ 1 [6, 31] . (The ∆-VC can overcome the factor 3 for the spin channel in eq. (6) that favors the s ± -state.) The s ++ state is realized against the strong Coulomb repulsion due to the retardation effect, since the energy-scale of orbital fluctuations is ∼ T . The s ++ state is consistent with the robustness of T c against the randomness in Fe-pnictides [39] [40] [41] [42] [43] [44] . Figure 4 (e) shows the gap functions for x = 0.14. Although the spin fluctuation is stronger because of the relation α c ≪ α s , the obtained gap structure is very different from the so-called s ± -wave state [45] [46] [47] , in which the gaps of the three hole-FSs are the same in sign. This gap structure is induced by the cooperation of the "attractive interaction between h-FS3 and e-FS" due to orbital fluctuations and "repulsive interaction between h-FS1,2 and e-FS" due to spin fluctuations [31] . This gap structure may easily change to the s ++ -wave state by introducing small amount of impurities and e-ph interaction [42] .
We also performed the similar analysis for SmFeAsO 1−x H x , which shows the single-dome T c , by constructing the first-principle tight-binding models. In Sm-compounds, h-FS3 is very large due to the shorter anion-height [48] , and the inter-and intra-orbital nesting is improved. Since the strong orbital fluctuations appear even at x ∼ 0.2, λ E of SmFeAsO 1−x H x becomes larger as shown in the inset of Fig. 4 (c) , and the single-dome T c structure is well reproduced. This result indicates the importance of the d xy -orbital FS to realize higher T c .
In summary, we studied the phase diagram of LaFeAsO 1−x H x using the SC-VC Σ method, and predicted that the non-nematic O 3z 2 −r 2 order triggers the new C 4 isostructural transition at x ∼ 0.5 [17] . Also, we obtain the approximate s ++ -wave gap structure due to orbital fluctuations for both x 0 and x 0.5 by taking the ∆-VC into account. The switch of the dominant quadrupole fluctuations in Fig. 2 gives the minimum structure of T c around x ∼ 0.2. The non-nematic orbital fluctuations will be a key ingredient in realizing high-T c (∼ 50K) in H-doped La1111, Sm1111, as well as Ca122.
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The FLEX approximation had been used in the study of Fe-based superconductors [24] . Considering that the FLEX approximation cannot explain the C 2 and C 4 -structure transition due to the neglect of the VC, it would be incomplete for the study of the superconductivity realized near the structural QCPs. With knowledge of this defect, we solve the linearized gap equation within the FLEX approximation. We use 64 × 64 k-meshes and 512 Matsubara frequencies, and fix T = 0.02eV to avoid artifacts due to the shortage of the k-mesh number. We fix the ratio J/U = 1/6. Figure 5 (a) shows the obtained spin Stoner factor α S and the eigenvalue of the gap equation λ E for n = 6.0 ∼ 6.5 (x = 0 ∼ 0.5), in the case of U = 1.1 and 1.4. Similar result is obtained for T = 0.005 and U = 1.3 using 32 × 32 k-meshes, which were used by Suzuki et al. [24] . The obtained s ± -wave gap functions are shown in Fig. 5 (b) and (c) .
The single-dome structure of λ E in Fig. 5 (a) is different from the numerical result at ∆α = 0 in Ref. [24] , but similar to that of ∆α < −1
• This difference should originate from differences in the models: Suzuki et al used the VASP package using a fixed Fe-As length, whereas the present authors used the WIEN2k package.
B: self-consistent vertex-correction (SC-VC) method for LaFeAsO1−xHx
In the main text, we analyzed LaFeAsO 1−x H x using the SC-VC Σ method, in which the self-energy correction is incorporated into the SC-VC method. The obtained strong ferro-quadrupole susceptibilities χ Here, we show that the essentially similar quadrupole fluctuations are obtained by using the SC-VC method, in which the self-energy is dropped [6] . Due to the selfenergy, the value of U for a fixed max{α c , α s } in the SC-VC Σ method is larger than that in the SC-VC method. Since the AL-term grows in proportion to U 4 , the relation α c > α s is realized against larger J/U in the SC-VC Σ method. (d) , we obtain the divergent peak of χ Q 3z 2 −r 2 (0), which corresponds to the C 4 isostructural transition. Thus, both C 2 and C 4 structure transitions in LaFeAsO 1−x H x at x ∼ 0 and x ∼ 0.5 respectively are explained by the SC-VC method, meaning that the self-energy correction is not essential for them.
In addition, strong antiferro-quadrupole susceptibilities χ Q 3z 2 −y 2 (Q) and χ Q x 2 −y 2 (Q) appears for x ≥ 0.1 in Fig. 6 (b)-(d) . On the other hand, χ Q xz/yz (Q) remains small, although it is strongly enhanced in the SC-VC Σ method shown in Fig. 2 (a) . It is considered that this discrepancy originates from the neglect of the self-energy in the SC-VC method: In the SC-VC Σ method, the strong d xy -orbital spin susceptibility χ In the present study, we include X c l,l;4,4 (q), and find that χ Q 3z 2 −r 2 (q) is also strongly enhanced due to large X c 4,4;4,4 (q). However, large χ Q 3z 2 −r 2 for x = 0 ∼ 0.1 in Fig. 6 (b) is found to be over-estimated due to the absence of the self-energy, as confirmed by the numerical result of the SC-VC Σ method in Fig. 2 (a) . Except for that, the obtained results given by the SC-VC method are similar to those by the SC-VC Σ method, and therefore they are reliable.
C: SC-VCΣ method for J/U = 0.12
In Fig. 2 (a) and (b) of the main text, we show the quadrupole susceptibilities given by the SC-VC Σ method in the case of J/U = 0.14. Here, we perform the same calculation for J/U = 0.12, and show the obtained results in Fig. 7 . As for the ferro-quadrupole fluctuations, strong development of χ Q x 2 −y 2 (0) at x = 0 and that of χ Q 3z 2 −y 2 (0) at x = 0.4 are obtained in Fig. 7 , consistently with the results of J/U = 0.14. Also, large antiferroquadruple susceptibility χ Q xz,yz (Q) at x = 0 is obtained in both J/U = 0.12 and 0.14, whereas χ Q 3z 2 −r 2 (Q) at x = 0.4 is relatively small for J/U = 0.14. As shown in Fig. 4 (c) , the x-dependence of the eigenvalue λ E for J/U = 0.12 is similar to that for J/U = 0.14. Thus, qualitative results of the SC-VC Σ method are unchanged for J/U = 0.12 ∼ 0.14. (4), respectively, in the case of J = 0 for simplicity. Here, we present their expressions for finite J:
